Electrically discharged active plasma lenses (APLs) are actively pursued in compact highbrightness plasma-based accelerators due to their high-gradient, tunable, and radially symmetric focusing properties. In this manuscript, the APL is experimentally compared with a conventional quadrupole triplet, highlighting the favorable reduction in the energy dependence (chromaticity) in the transport line. Through transport simulations, it is explored how the non-uniform radial discharge current distribution leads to beam-integrated emittance degradation and a charge density reduction at focus. However, positioning an aperture at the APL entrance will significantly reduce emittance degradation without additional loss of charge in the high-quality core of the beam. An analytical model is presented that estimates the emittance degradation from a short beam driving a longitudinally varying wakefield in the APL. Optimizing laser plasma accelerator operation is discussed where emittance degradation from the non-uniform discharge current (favoring small beams inside the APL) and wakefield effects (favoring larger beam sizes) is minimized. Published by AIP Publishing. https://doi
I. INTRODUCTION
Laser plasma accelerators (LPAs) 1 have produced MeV to multi-GeV electron beams in mm-to-cm scale plasma structures. [2] [3] [4] [5] [6] [7] [8] [9] The LPA community is pursuing applications such as ultra-fast electron beam pump-probe studies, 10 compact light sources including coherent X-rays [11] [12] [13] [14] [15] and incoherent MeV photons, [16] [17] [18] [19] and high-energy particle colliders. 20, 21 For these applications, collimation and focusing of electron beams over short, cm-scale distances is important. Similarly, plans towards the production of high-brightness electron beams in beam-driven plasma-based accelerators 22 could benefit from strong lenses as well. Based on concepts revived from the 1950s ion accelerator community, [23] [24] [25] [26] Ref. 27 demonstrated that discharged gas-filled capillaries [28] [29] [30] [31] have the potential to be of great value to compact accelerator applications, due to the tunability, large magnetic field gradients (>3000 T/m), and radial focusing symmetry for electron beams. Such an active plasma lens (APL) allows for cm-scale focal lengths for GeV-level electron beams.
Subsequent APL studies were performed in two parallel efforts, 32, 33 highlighting the role that the non-uniformity in the radial distribution of the discharge current plays. Dominated by a radially varying plasma temperature T e
34
(warmer on-axis and cooler near the walls), the plasma resistivity [and thus the discharge current distribution J(r)] follows a JðrÞ $ T 3=2 e ðrÞ scaling. An analytical expression for J(r) was derived in Ref. 32 , together with the radial dependence on the azimuthal focusing field B(r). The non-linear component of B(r) results in potential emittance degradation which places limits on the applicability of APLs, depending on the input beam parameters and desired beam quality constraints. While previous work 33 has reported on the emittance degradation from the non-linear B(r), here we address several other relevant beam parameters such as the beam size and charge density at the focal plane.
A second consideration is the detrimental role of beamdriven wakefields in the APL, where the electrons in the tail of the beam are affected by the self-driven plasma wave. 1 A longitudinally varying focusing force (in addition to the discharge current's focusing force) can lead to emittance degradation. While the high charge density and low emittance may appear to make this effect problematic to highbrightness beams, the ultra-short bunch duration in LPAs combined with low APL plasma densities is favorable towards mitigating the emittance degradation. Inclusion of wakefield effects to APL considerations was not presented before.
This paper is organized as follows: Sec. II presents experimental results on energy-dispersed beam size measurements directly comparing a permanent-magnet quadrupole (PMQ) triplet with the active plasma lens (APL). Such a direct comparison under similar transport conditions, highlighting the favorable reduction in the chromatic dependence for the APL, has not been reported yet. Two critical transport considerations will be discussed in the following two sections: Sec. III presents transport modeling giving insight into the role of the non-linear discharge current, while Sec. IV derives an analytical expression for emittance degradation from beam-driven wakefields inside the APL. An example transport lay-out balancing both degradation effects is discussed in Sec. V, followed by a conclusion section.
II. EXPERIMENTAL COMPARISON OF APL WITH A QUADRUPOLE TRIPLET
In order to compare the transport characteristics of the APL directly with those of a PMQ triplet, the triplet in the experimental setup described in Ref. 35 was replaced by an APL of length L APL ¼ 1.5 cm and radius R APL ¼ 500 lm, see the schematic in Fig. 1 . The comparative experiment was carried out at LBNL's BELLA Center using the TREX Ti:sapphire laser which delivered 1.8 J pulses of 45 fs duration that were focused by a 2 m focal length off-axis parabola to spot sizes of w 0 ¼ 22 lm. The LPA target consisted of a supersonic helium gas jet with a diameter of 840 lm. 36 A thin blade with an adjustable position impinged the gas flow to provide the necessary sharp density transition, allowing for density downramp injection and acceleration [37] [38] [39] [40] [41] and enabling precise tunability of the central energy of the electron beams (from <40 MeV to >200 MeV) by adjusting the effective accelerator length. 36 The LPA plasma profile can be described to have a length of 2 mm and a peak density of 6 Â 10 18 cm -3 , with a sharp 2 Â 10 18 cm -3 drop approximately halfway. The LPA was optimized to deliver stable electron beams with a central energy of 57 MeV, a central energy fluctuation of 2 MeV (rms), an energy spread of 4 MeV (rms), a pointing fluctuation of 0.5-1 mrad (rms), and integrated charge approximately 80 pC.
The 25-mm-bore PMQ triplet was discussed in Refs. 42 and 43, with [length (mm), gradient-x (T/m), gradient-y (T/ m)] for the first quadrupole (39, 51.9, À51.3), thus focusing in x, the second quadrupole (54.5, À50.9, 51.0), and the third quadrupole (25.5, 51.3, À51.1). The first quadrupole was positioned 17 cm from the LPA source, with a 1.73 m drift from the third quadrupole exit to the magnetic spectrometer entrance. When the triplet was removed, the APL was positioned 24 cm from the LPA source. Extensive transport modeling was performed (including higher-order transport matrix elements) to characterize the details of the transport line (drifts, lenses, dipole magnet, fringe fields, etc.). It was found that for the source parameters retrieved in the experiments, the first-order matrix elements adequately described the transport parameters. This leads to the following generalized expression for the modeled electron beam size at the YAG screen in the dispersive plane:
where E Ã ¼ E -DE incorporates minor focused-energy shifts from fluctuations in the longitudinal source location and transport matrixes R 33 and R 34 represent the coupling of the source size and divergence to the beam size at the screen, respectively. Besides DE, note that only the source size r 0 and source normalized emittance n0 are free fitting parameters. Table I provides an overview of the matrix elements in Eq. (1) for the two lens configurations (with E in MeV).
Although the experimental data in the triplet configuration were already extensively discussed in Ref. 43 , a representative single-shot energy-dispersed YAG screen image is shown in Fig. 2(a) . At the focused energy of 56.93 MeV, the transverse line-out is presented in (b) and the beam size versus energy r y (E) in (e) as red circles. The imaging resolution FIG. 1. Schematic of the experiment, consisting of the LPA source, a magnetic lens (either a PMQ triplet or an APL), and a YAG screen positioned at the energy-dispersed plane of a magnetic spectrometer. The inset shows the simulated energy-dispersed beam size r y ðEÞ for both lens options for the same source parameters, highlighting the reduced energy dependence (chromaticity) for the APL. Fig. 2(e) ]. It is interesting to observe that the transverse beam profile in Fig. 2(b) contains wings. With the higher-order transport model, it was verified that these wings cannot be attributed to fringe fields in the quadrupoles or dispersive magnets or from coupling of the LPA divergence with energy dispersion. It is most likely that these wings either originated at the LPA source or developed through the space-charge contribution over the multi-meter propagation from the source to the YAG screen. The latter appears to be confirmed by recent space charge simulation studies. 
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Phys. Plasmas 25, 056702 (2018) interesting observations can be made: (1) the transverse charge profiles for the APL in Fig. 2 (d) and the triplet in Fig.  2 (b) look similar. They both show a focused core beam with extended wings. There does not appear to be any degradation in the APL as compared to the triplet although it should be stated that APL emittance degradation as discussed in Secs. III and IV would probably not reveal itself in these experiments due to the fact that the wings are already present in the triplet case. (2) The reduced energy dependency of the APL, a consequence of the radial-symmetric focusing geometry, results in a flat profile in Fig. 2(c) , compared to the triplet bow-tie profile in Fig. 2(d) . This difference is evident in the steepness of the parabolic fits in Fig. 2 (e). For the same source parameters, the inset in Fig. 1 highlights the same concept. The reduced chromaticity is a unique advantage of APLs [although the reduced chromaticity does require the measurement of r y ðEÞ over a larger energy bandwidth to retrieve the emittance]. Note that the triplet could have been rotated by 90 to a focusing/defocusing/focusing geometry in y, and although that would have reduced chromaticity in the y plane, it would have equivalently increased chromaticity in the x plane (which couples to the degraded energy resolution in the magnetic spectrometer).
III. TRANSPORT SIMULATIONS WITH DISCHARGE CURRENT NON-UNIFORMITY
As was mentioned in the Introduction and outlined in Ref. 32 , due to radial plasma temperature gradients in the APL, the discharge current will not be uniformly distributed. This leads to a radial dependence on the azimuthal magnetic field B(r) that is no longer linear as would be desired for an ideal lens and drives an enhancement of the on-axis gradient. In the cold wall limit, the profile B(r) near the axis was found to be described by BðrÞ ¼ 1:48ð@B=@rÞ lin rð1 À c n r 2 Þ, where
, and u(0) ¼ 0.067. Here, l 0 is the vacuum permeability. The presence of the non-linear field profile was experimentally confirmed by measurements of near-axis gradient enhancements, 32, 33 the appearance of ring-shaped beams down-stream of the APL, 32 and a significant emittance degradation 33 of order Â10. Here, the results of a particle tracking simulation are presented and discussed, focusing on the role and implications of the non-linear B(r) profile. 250 MeV electrons (c ¼ 489) are considered in a one-dimensional (1D) source-to-focus simulation. The simulation tracks 10 5 particles distributed at the source following a Gaussian distribution with a rms size of r 0 ¼ 1 lm and a divergence of h 0 ¼ 1 mrad (rms) (normalized emittance n0 ¼ 0.49 lm). These parameters were chosen to approximately match the LPA FEL design pursued in Fig. 2 of Ref. 15 . Following 15 cm of drift, the beam propagated through an APL with a radius of R APL ¼ 500 lm and a length of L APL ¼ 1.5 cm. A near-axis field gradient of (@B/@r) ¼ 471 T/m ensured that the beam was focused 50 cm downstream of the capillary exit onto a focal plane. The radial profile of the beam at the APL entrance is shown in Fig. 3(a) (dashed black curve). An ideal APL [uniform-J(r), see the red curve in Fig. 3(a) ] will be compared with the non-uniform-J(r) case, see the blue curve based on the 3rd-order correction to B(r) from Eq. (7) in Ref. 32 .
The transverse charge distribution and phase-space (y, u y ) scatter plot at focus are shown in Figs. 3(b)-3(d) , for both the uniform (red) and the non-uniform J(r) case (blue). Here, u y is the electron momentum normalized to m e c, with m e being the electron rest mass and c being the vacuum speed of light. The current non-uniformity mainly affects the electrons that propagate near the wall of the APL and leads to the development of tails or wings at focus without affecting the core beam size. The normalized rms emittance of the beam has degraded by over an order of magnitude to n ¼ 5.3 lm. However, the beam-integrated emittance degradation does not capture the 
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complexities of the non-ideal APL. For example, one can also observe in Fig. 3(b) that the 1D charge density is only degraded by a factor of Â2, while the FWHM is approximately conserved. In order to characterize the beam, Figs. 4(a)-4(d) present relevant aspects of the focused beam in the simulated condition of placing a limiting aperture of radius R aperture at the APL entrance. While in an actual beamline, the metallic aperture will not fully stop relativistic electrons at r > R aperture , the emittance degradation of those particles will be assumed to be so dramatic that they are no longer transported well and can thus be conceptually considered to have been removed from the core beam. The black curve in Fig.  4(a) displays the 1D normalized charge throughput of the aperture (the beam has a 150 lm rms size at the APL entrance), while the red and blue curves display the normalized charge retrieved within the FWHM of the beam at final focus. For the non-uniform-J(r) case (blue curve), the particles near the APL walls are deflected away from focus, and thus, removing those particles with the aperture does not affect the total charge within the focused-beam FWHM. Due to the imaging condition and the fact that the core beam in both the cases experiences the same linear focusing gradient, the beam at focus has a relatively constant FWHM independent of aperture opening, see Fig. 4(b) . Figure 4 (c) displays the emittance of the electron beam at focus versus aperture radius. For full opening (R aperture ¼ 500 lm), the emittance degradation is Â10, but this number is heavily dominated by the wing particles [blue outliers in Fig. 3(d) ]. In other words, whether the aperture has a radius of 500 lm or 125 lm in the non-uniform-J(r) case, the FWHM at focus and the charge within the FWHM are identical, but the emittance at R aperture ¼ 125 lm is almost identical to the uniform-J(r) case. For an application experiment where the beam brightness B 4D is important [B 4D / N e = x y , with N e being the number of electrons], Fig. 4(d) displays the ratio of charge within the FWHM to emittance. For aperture sizes R aperture < 125 lm, the beam brightness is unaffected by the current nonuniformity and is even slightly improved compared to the open-aperture case because the loss of particles by the limiting aperture is compensated by the emittance improvement from clipping the Gaussian wings.
Although the role of the discharge current nonuniformity should be evaluated for each transport system and for each application goal, it appears that the primary consequence of the B(r) non-linearity is the reduction of the effective APL radius (reduction by approximately a factor of Â3 for micron-level emittances). Since the particles outside r > R APL /3 in the APL do not contribute efficiently to the high-quality focus (and lead to emittance degradation), one can consider conceptually placing a R aperture ¼ R APL /3 aperture at the APL entrance. For small beams at the APL entrance (rms size r r < R APL /5), one can expect negligible charge density, emittance, and brightness degradation. For beams larger than r r > R APL /5, the major consequence of the conceptual aperture is the loss of charge. Note that the 2D charge throughput of a r r ¼ R APL /5 beam through a R aperture ¼ R APL /3 aperture is 75%.
IV. EMITTANCE DEGRADATION FROM SELF-DRIVEN WAKEFIELDS
In this section, the role of the beam-driven wakefields inside the APL will be evaluated. In the plasma lens, the electron beam will drive a wakefield with transversally and longitudinally varying decelerating and focusing fields. Therefore, various slices of the electron beam will experience different transport conditions, which can lead to emittance growth of the integrated beam. Although contributions to emittance and energy spread degradation were derived from both the decelerating and focusing forces, for the parameters considered in this manuscript, the decelerating contribution is found to be negligible, and only the focusing contribution will be presented. The final wakefield-induced emittance growth is given in Eq. (17) .
The electron beam inside the APL will be defined to have the beam density profile n b ðf; rÞ ¼ n b0 g k ðfÞg ? ðrÞ, with 
In the limit k p L b ( 1, the approximate expression SðfÞ ' Àðk p fÞ 2 =2 can be used. Here, a Gaussian form g ? ðrÞ ¼ exp ðÀr 
By averaging the expression for aðrÞ over the beam particle distribution [i.e., by weighting aðrÞ taking into account the number of particles between r and r þ dr], the following expression for the "average" slope of the function A(r) in Eq. 
One can then write
where using Eq.
with A(r) expressed by Eq. (3). By performing a coordinate transformation r 0 ¼ r=k p in Eq. (8), one can show that the expression H is solely a function of the normalized parameter k p r r . In Fig. 5(a) , the function H ¼ Hðk p r r Þ is plotted. Note that using the linear expression A lin (r) in Eq. (2) ignores the fact that there is a small non-linear component in A(r). However, the radial-weighted approximation A lin (r) allows for the calculation of the emittance degradation from the longitudinally varying focusing force.
For the transversally Gaussian beam, the quantity n b0 /n 0 can be rewritten as a function of the beam current I b as
with I A ¼ m e c 3 =e ' 17 kA being the Alfv en current. The transverse dynamics in the horizontal (x) plane of a relativistic electron in an active plasma lens including wake effects is described by the following set of equations (similar equations apply in the vertical plane): 
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where k p x is the normalized transverse electron position, the term Àðk 0 =k p Þ 2 ðk p xÞ describes the (normalized) focusing force due to the discharge current in the capillary, c is the particle relativistic factor, u x is the normalized transverse momentum with u x ( c; k p s ¼ k p ct being the normalized propagation distance, E x and B y are the components of the electric and magnetic fields at the particle location, respectively. Assuming a uniform discharge current, it is found
where I APL is the discharge current and k p R APL the normalized capillary radius. Using the approximate linear expression for the wakefield given by Eq. (7) and assuming a short longitudinal flat-top beam current profile, the equation for the electron momentum can be rewritten as
where g ¼ 1 2
Equation (12) shows that the transverse force acting on an electron depends on the longitudinal location of the electron within the beam. The APL transport line is considered to consist of a beam source, a drift of length L drift , an active plasma lens of radius R APL and length L APL , and a final drift to focus of similar length L drift . At c, the beam has bunch length L b , source size r 0 , divergence h 0 , and normalized emittance n0 such that r u 0 ¼ n0 =r 0 with r u 0 being the rms in source transverse normalized momentum. At the APL entrance, the beam size is approximately r r ' h 0 L drift . It will be assumed that there is no substantial evolution of the beam size inside the capillary. With this approximation, the effect of the APL is to change the momentum (but not the transverse position) of every particle in the beam according to Eq. (12), namely,
where u x;i and u x;o are the electron momentum before and after the lens, respectively, and ðk p x i Þ is the normalized electron transverse coordinate in the cap. One can see that the closer a particle is to the bunch tail, the larger is the transverse momentum kick it receives due to the transverse wakefield. After the second drift, at focus (i.e., L drift ' 2c=k 2 0 L APL ), the second order moments of the beam are
where in the derivation, it was assumed that ðk 0 =k p Þ 2 ðk p L APL Þ ( 1 (thin lens approximation) . The emittance growth at focus due to wake effects is
where the expression was simplified keeping only the dominant term. By using Eqs. (11) and (13), Eq. (16) can be rewritten as
To validate the approximate expression of Eq. (17), the theoretical degradation is compared with modeling results obtained with the 2D-cylindrical particle-in-cell (PIC) code INF&RNO (using the quasi-static modality). 45, 46 The following parameters, relevant to the LPA FEL application, . The analytical expression Eq. (17) tends to overestimate the degradation by <20%, but otherwise good qualitative agreement was found. Through additional PIC studies, it was found that the emittance degradation was fairly insensitive to the choice of final (post-APL) drift length L drift . Also, the assumption of linear wakefields within the beam ÀL b f 0 was verified to be valid over the range of PIC simulations presented in Fig. 5 .
A related parameter example is shown in Fig. 6 , for three bunch durations L b ¼ 1, 2, and 3 lm. Note that while no lower limit on the APL density has been investigated or reported, it is speculated that at H 2 fill pressures below 1-2 Torr (electron densities below n 0 < 10 17 cm -3 ), electrons from the capillary walls start to contribute to the plasma density inside the APL. This wallablation mechanism depends on various parameters such as the discharge current and APL radius and will limit the minimum near-axis plasma density that is achievable.
We now comment on the analytical wakefield-induced emittance growth based on the experimental conditions of Fig. 2 , namely, an APL of length 1.5 cm, radius 500 lm, and density 10 17 cm -3 , placed 24 cm from the source, and a 056702-7 van Tilborg et al. Phys. Plasmas 25, 056702 (2018) 57 MeV electron beam of divergence 2.4 mrad, normalized emittance 1 lm, and charge 80 pC. With the bunch length unknown but estimated to be well below <15 fs, the emittance degradation varies from
which is negligible when added in quadrature to the source emittance.
V. DESIGN OF THE APL TRANSPORT LINE
The findings from the previously discussed two degradation mechanisms will be combined in an example design study (emittance degradation from non-uniform discharge currents favoring smaller beams and degradation from wakefields favoring larger beams). For this design, typical LPA source parameters were considered (200 MeV, 50 pC, L b ¼ 1.5 lm, and h 0 ¼ 1 mrad) and an APL with R APL ¼ 500 lm and L APL ¼ 1.5 cm was selected to deliver focused beams to a plane 1 m from the LPA source. Only the position of the APL from the source (labeled L drift ) was used as a variable. At each position, the beam size at the entrance varies as r r % h 0 L drift , and the discharge current was adjusted to maintain the imaging condition. The black curve in Fig. 7 displays the emittance degradation D n based on Eq. (17) . The maximum achievable focusing gradient ð@B=@rÞ, based on the limitations of the discharge pulser used, was chosen to be 710 T/m, which dictates the end of the curve (see star in Fig. 7 ). An "acceptance" degradation threshold of D n ¼ 0.4 lm was defined, which provides a lower bound on the APL possible positions (see the area to the right of the vertical dashed red line). On the other hand, it was derived in Sec. III for sub-micron emittance beams that the beam size should satisfy r r < R APL /5 to minimize emittance or charge density degradation associated with APL non-uniformity. This criterion adds an upper bound to the possible APL positions (see the area to the left of the solid blue line). Therefore, only a limited choice in the APL position remains, indicated by the filled-in area. For a n0 ¼ 0.7 lm beam, the emittance degradation factor for drift distances in the 8-10 cm range is less than 15%. A similar design study will need to be performed for any selection of accelerator source and transport considerations.
VI. CONCLUSION
In summary, we have experimentally compared a PMQ quadrupole triplet with an active plasma lens (APL) with a fixed LPA source and transport system, highlighting the reduced energy-dependence (chromaticity) in the APL-based transport line. The energy-resolved beam size measurements in both lens cases were similar, demonstrating no additional degradation in the APL. It is recognized, however, that the presence of transverse non-Gaussian wings in the beam even in the triplet case would have prevented observation of APL degradation effects discussed in this work.
Through transport simulations, the role of the nonuniformity of the radial discharge current distribution [and thus non-linear magnetic field profile B(r)] was investigated. Effectively, the electrons near the wall of the APL are pushed away from the core beam, leading to charge density and emittance degradation. For the 0.5 lm emittance considered, positioning a conceptual limiting aperture at the APL entrance of radius R aperture ¼ R APL /3 minimizes the emittance degradation without further loss of charge density. Alternatively, the beam size should be r r < R APL /5 to avoid degradation effects.
While APL current non-uniformity favors small beams, the fact that electrons inside the APL can be affected by selfdriven wakefields favors a low beam density (larger beams). An analytical expression was derived for the beamintegrated emittance degradation, see Eq. (17) . The degradation can be minimized for low APL densities n 0 < 10 17 cm -3 , short capillaries, and larger beams. An example design study FIG. 6 . Emittance degradation versus APL density n 0 keeping the charge fixed at 30 pC but varying the bunch duration at L b ¼ 1, 2, and 3 lm. Although the beam density decreases at larger L b , the wakefield effects experienced by the tail electrons are enhanced due to the f 2 scaling in SðfÞ, leading to a larger emittance degradation. FIG. 7 . APL. The black curve displays the emittance degradation from wakefield effects versus position L drift of the APL entrance from the source. Based on a maximum allowable degradation (D n ¼ 0:4 lm here), a lower bound for L drift is set (vertical red dashed line). However, maintaining the condition r r < R APL /5 derived from non-uniform discharge current considerations sets an upper bound on L drift (vertical solid blue line). The filled-in area displays the acceptable range of APL positions.
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Phys. Plasmas 25, 056702 (2018) was performed, showing that the emittance degradation can be kept below D n ¼ 0.4 lm for a typical LPA source and transport line, including both degradation effects.
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